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abstra ct

W e automatically impro v e an in terv al v elo cit y mo del after pic king residual in-

consistencies from constan t-o�set depth migrations. F or generalit y , w e emplo y

a re
ection tra v eltime tomograph y algorithm, whic h allo ws other applications

and other sources of information.

Man y metho ds of depth migration v elo cit y analysis emphasize w ell-fo cused

images and use to ols similar to sem blance stac ks. Others linearize and in-

v ert the e�ect of p erturb ed v elo cities on migrated images. W e prefer to use

dev elop ed metho ds of re
ection tra v eltime tomograph y b y con v erting pic k ed

migrated re
ections in to equiv alen t m ulti-o�set tra v eltimes.

Re
ection tra v eltime tomograph y �nds in terv al v elo cities and re
ection ge-

ometries that b est explain observ ed surface re
ection times. Re
ection tomog-

raph y has ev olved a w a y from la y ered mo dels to w ard indep enden t parameters

for v elo cities and re
ectors. In terv al v elo cities are parameterized as a smo oth

function of spatial co ordinates. Re
ections are describ ed b y a collection of

common-re
ection p oin ts, whic h do not assume more con tin uit y than neces-

sary to reconstruct pic k ed segmen ts of pic k ed re
ection times.

Migration facilitates prestac k pic king b y simplifying di�racted re
ections

and disp ersing noise. The e�ectiv e signal-to-noise ratio impro v es. Depth mi-

gration do es not add information to re
ections, ho w ev er. In fact, the bias of

a p o or v elo cit y mo del m ust b e remo v ed b y reconstructing the prestac k tra v el-

times that pro duced the p o or migration. T o do so, w e reconstruct the paths

and surface geometries for eac h of the pic k ed migrated re
ector p ositions.

Con v en tional dynamic ra y metho ds or extrap olated tra v eltime tables su�ce.

Constan t-o�set sections of a North Sea line w ere indep enden tly migrated

in depth and view ed on a 3D in terpretiv e w orkstation. One re
ection at the

base of c halk imaged at inconsisten t depths o v er o�set. The migrated depths

of this and other re
ections w ere pic k ed o v er a range of o�sets. Equiv alen t
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prestac k tra v eltimes w ere mo deled through the migration v elo cit y mo del. The

c hosen metho d of tra v eltime tomograph y implicitly encouraged consistency in

common-re
ection p oin ts for ra ypaths at v arious o�sets. The �nal estimated

v elo cit y mo del sho w ed an increase in v elo cities near the base of the c halk,

then a decrease in v elo cities b elo w. Remigration of the data with the revised

v elo cities greatly increased the visibilit y of the re
ection at the base of the

c halk.

Dynamic ra y metho ds and explicit tra v eltime extrap olations iden tify com-

mon-re
ection p oin ts that b est mo del prestac k tra v eltimes. The error b et w een

a mo deled and measured tra v eltime is con v erted in to an equiv alen t p ositioning

error for the re
ection p oin t. V elo cities are revised to minimize the v ariance

of these p ositioning errors for all o�sets of eac h common-re
ection p oin t.

Intr oduction

V elo cit y analysis of seismic data after prestac k depth migration has largely

concen trated on b etter fo cused images of re
ectors (e.g. Jeannot et al, 1986;

Al-Y ah y a, 1989; and MacKa y and Abma, 1989). Others ha v e form ulated to-

mographic metho ds that directly optimize the e�ect of v elo cities on migrated

depths (F o wler, 1988; Etgen, 1990; v an T rier, 1990). V elo cit y mo dels are ex-

p ected to pro duce consisten t images in depth from indep enden tly migrated

gathers: usually common-o�set or common-shot. Iterativ ely linearized in v er-

sions can p erturb v elo cit y mo dels to reduce these inconsistencies. Eac h of

these metho ds requires an algorithm designed sp eci�cally for depth migration,

with no other ob vious application.

Alternativ ely , w e prefer to use prestac k depth migrations as a source of

information for already existing metho ds of re
ection tra v eltime tomograph y ,

suc h as Sattlegger et al (1981), Bishop et al (1985), Bording et al (1987),

Sw ord (1987), Dy er and W orthington (1988), Sherw o o d (1989), Harlan et al

(1989, 1991), and Stork and Cla yton (1991). These metho ds usually require

lists of pic k ed re
ection times for man y source and receiv er com binations. The

estimated in terv al v elo cities are also used to detect the anomalous v elo cities

of gas and o v erpressure, and to correct the distortions of structure b y shal-

lo w v elo cit y c hanges (\buried statics"). Those in terested only in applications

to depth migration still b ene�t from simpler algorithms, with broader appli-

cation, and with b etter-understo o d prop erties. Those in terested most in the

in terpretation of v elo cities �nd that migration impro v es the qualit y of prestac k

pic king.

F ew indep enden tly dev elop ed metho ds of re
ection tra v eltime tomogra-

ph y share iden tical ph ysical parameters, input data, or n umerical metho ds.

This pap er attempts to isolate features that adapt to a v ariet y of data with

the few est ph ysical constrain ts. Sattlegger et al (1981) in tro duced the to-

mographic optimization of la y ered mo dels: con tin uous re
ectors that v erti-
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cally delimit sharp c hanges in in terv al v elo cities, usually with smo oth lateral

c hanges. With few parameters, la y er b oundaries and v elo cities can b e opti-

mized sim ultaneously . Sherw o o d's surv ey (1989) sho ws the con tin uing p opu-

larit y of this mo del. The �rst three-dimensional applications (Chiu et al, 1986)

extended the la y ered mo del.

Bishop et al (1985), Bording et al (1987), Dy er and W orthington (1988),

and T oldi (1989) preferred mo dels that decouple v elo cities and re
ector ge-

ometries. V elo cities can v ary con tin uously , with resolution dep enden t on dis-

cretization and binning. Sw ord (1987), Harlan et al (1989, 1991), Biondi

(1990), v an T rier (1990), and others a v oided con tin uous re
ectors and esti-

mated common-re
ection p oin ts. The additional degrees of freedom raise con-

cerns ab out con v ergence. F o wler (1988), Etgen (1990), and Stork and Cla yton

(1991) carefully analyzed the e�ect of p erturb ed v elo cities on migrated re
ec-

tion p oin ts and concluded that b oth m ust b e p erturb ed sim ultaneously . W e

in tro duce a simple metho d of doing so.

These pap ers use a v ariet y of input data: pic k ed prestac k tra v eltimes,

pic k ed prestac k depth migrations, constan t v elo cit y time migrations, pic k ed

\stac king v elo cities," sem blance panels, lo cal slan t stac ks, and b eam stac ks.

W e ha v e b een able to optimize man y of these alternativ e forms of data b y

treating them as simple functions of tra v eltimes. Although w e pic k migrated

depths from our example data, w e optimize an equiv alen t set of prestac k re-


ection times.

An example of depth migra tion err ors

Figure 1 displa ys a prestac k (Kirc hho� ) depth migration of a seismic line from

the Netherlands' North Sea, spanning 11.25 km of midp oin ts and 5 km depth.

Constan t-o�set sections w ere migrated indep enden tly , then stac k ed o v er o�set

to pro duce a single image. The original v elo cities w ere largely strati�ed and

only increased with depth. (500 traces are spaced at 22.5 m|one for eac h

original shot p osition.)

When the unstac k ed cub e of migrated data w as examined on a 3D in ter-

pretativ e w orkstation, some re
ections w ere seen to align p o orly o v er o�set.

Figure 2 sho ws some \common-image p oin t" (CIP) gathers. Eac h gather sho ws

the image for a single horizon tal p osition and a range of depths and o�sets

(154 m to 2000 m o�set). Note that the re
ector at shot p osition 400 and

2750 m depth is v ery inconsisten t o v er o�set. (Constan t-o�set depth migra-

tions do not ha v e the n umerical artifacts from edge e�ects found in shot pro�le

migrations. See other di�erences in Co x and W ap enaar, 1992.)

Figure 3 sho ws the pic ks of migrated re
ections at v arious o�sets. A t

least �v e o�sets w ere pic k ed for eac h re
ector, alw a ys including a near o�set

of 154 m. The maxim um pic k able o�set increased linearly from 1300 m at

800 m depth to 3574 m at 4800 m depth. The grey lev els in �gure 3 sho w the
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transmission v elo cit y mo del used to migrate the data originally . A few sample

re
ection ra ypaths are sho wn. (This �gure spans the same distances as �gure

1.)

The pic ks of most re
ections are almost indistinguishable. The re
ector

near 2500 m depth lies b eneath a 1000 m thic k in terv al of c halk and sho ws

considerable inconsistency o v er o�sets 154 m to 2700 m. The c halk v elo cit y

cannot b e adjusted to 
atten this one re
ection without sp oiling the images

of deep er re
ectors. Although the c hosen v elo cit y mo del ma y app ear close to

a solution, it is not.

Migra ting f or signal enhancement

After prestac k depth migration, a cub e of unstac k ed re
ection seismic data

can b ecome considerably easier to in terpret and pic k. Migration impro v es

signal-to-noise ratios b y a v eraging random noise o v er midp oin t. Migration also

simpli�es re
ections from structure with high curv ature (particularly di�rac-

tions), reduces o v erlapping of ev en ts, and allo ws easier visual correlation o v er

o�set.

Depth migration do es not add information to observ ed re
ections, ho w-

ev er. If an ything, depth migration adds the bias of a particular v elo cit y mo del

that, go o d or bad, describ es only our previous assumptions. If the migration

and \true" v elo cities di�er b y a shallo w v elo cit y anomaly , for example, then

migration will only di�use and w eak en underlying re
ections.

If w e c ho ose migration v elo cities only to impro v e the qualit y of pic ks, then

w e ma y prefer to initialize our v elo cit y optimization with other mo dels. First,

w e m ust remo v e the bias of our migration v elo cities from the pic k ed migrated

depths, so far as p ossible. T o do so, w e reconstruct the prestac k tra v eltimes

that m ust ha v e imaged at the pic k ed migrated depths.

Reflection times f or tomography

T o reconstruct prestac k tra v eltimes from the pic k ed migrated depths in �gure

3, w e use geometric constan t-o�set mo deling: that is, �nd surface midp oin ts

for re
ections from pic k ed re
ectors with the prop er lo cations, angles, and

o�sets. The prestac k tra v eltimes (and their spatial deriv ativ es) are giv en b y

the estimated ra ypaths through the reference v elo cit y mo del. See the app endix

for details.

Con v en tional metho ds of dynamic ra y sho oting or relaxation su�ce for

this mo deling step. Explicit extrap olation and tabulation of tra v eltimes are

recommended for their simplicit y and sp eed (Vidale, 1990; v an T rier, 1990;

Moser, 1991; and Asak a w a and Ka w anak a, 1993).

Figure 4 sho ws the corresp onding constan t-o�set time pic ks mo deled from
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the re
ectors in �gure 3. These pic ks should b e equiv alen t to the prestac k

tra v eltimes and mo v eouts in the original unmigrated, unstac k ed data. W e

can no w pro ceed with a con v en tional re
ection tra v eltime tomograph y , as if

these pic ks w ere our original data. The c hosen metho d of re
ection tra v eltime

tomograph y will implicitly encourage consisten t images of common-re
ection

p oin ts.

Describing a velocity function

W e parameterize the transmission slo wness P ( x ) (recipro cal v elo cit y) as a

smo oth function of our spatial co ordinates x . Basis functions, splines, or

smo othed grids serv e equally w ell. W e require only that the con tin uous slo w-

ness b e a linear function of its parameters. The smo othness of the function

should also b e adjustable so that resolution can b e increased as an in v ersion

pro ceeds and as accuracy increases.

As a concrete example, let discrete co e�cien ts P

i

scale basis functions g ( x )

cen tered at p oin ts x

i

. The widths of these basis functions are con trolled b y a

scalar w .

P ( x ) �

X

i

P

i

w

� 1

g [( x � x

i

) =w ] ;

where

Z

g ( x ) d x = 1 ; and

Z

g ( x ) k x k

2

d x � 1 : (1)

This basis function has a normalized area and width, so that the mag-

nitudes of P

i

and w are comparable to the slo wnesses and spatial resolution

resp ectiv ely . Multidimensional Gaussians are con v enien t. This con tin uous

slo wness mo del is a linear function of the co e�cien ts, a con v enien t prop ert y

for optimization. The resolution of this mo del can b e mo di�ed dynamically

simply b y adjusting the scalar w .

Optimizing common-reflection points and velocities

An unoptimized slo wness mo del will not allo w a fan of mo deled ra ys to share

a common-re
ection p oin t and explain the measured tra v eltimes at all o�sets.

Dynamic ra y tracing, sho oting, and relaxation can �nd re
ection paths that �t

m ulti-o�set re
ection times as w ell as p ossible. See the app endix for details.

W e prefer the p o w erful com bination of explicit tra v eltime extrap olation (e.g.

Vidale, 1990; v an T rier, 1900; Moser, 1991) with F ermat's principle to esti-

mate represen tativ e ra ypaths (Harlan, 1990). Spatial deriv ativ es of measured

tra v eltimes constrain the dips of re
ectors.

Assume that w e ha v e iden ti�ed man y di�eren t common-re
ection p oin ts,

indexed b y b . Eac h p oin t re
ects N

b

ra ypaths with measured tra v eltimes t

bh

at
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o�sets indexed b y h . If estimated ra ypaths are written as a function of spatial

distance a , then mo deled tra v eltimes are line in tegrals of slo wness along the

paths:

T

bh

=

Z

a

bh

0

P [ x

bh

( a )] da: (2)

F or con v enience, the ra ypath x

bh

( a ) b egins with a = 0 at a source p osition,

increases along the ra ypath, through the re
ection p oin t, and reac hes the total

length a

bh

of the ra y at the receiv er lo cation. This mo deled tra v eltime is also

a linear function of the slo wnesses and of the parameters that describ e these

slo wnesses.

When ra ypaths do not include re
ections, tomograph y iterativ ely linearizes

the mo deling b y holding ra ypaths constan t and considering only the e�ect of

in terv al v elo cities on tra v eltimes. Because of F ermat's principle, p erturba-

tions of ra ypaths do not a�ect the tra v eltimes to �rst order. The p osition of

re
ections, ho w ev er, do es a�ect tra v eltimes to �rst order. By requiring p erfect

agreemen t with pic k ed times, w e can measure the e�ect of p erturbing v elo cities

on re
ector p ositions.

In the vicinit y of a re
ection p oin t, up- and do wn-going w a v es can b e

appro ximated as plane w a v es. Assume that a re
ector has b een displaced

p erp endicular to its dip un til the measured and mo deled tra v eltimes ( t

bh

and

T

bh

) of a ra ypath agree. If the up- and do wn-going ra ys meet at an angle

�

bh

, then the follo wing error measures the e�ect of suc h a displacemen t on the

zero-o�set (normal-incidence) re
ection time:

e

bh

= ( t

bh

� T

bh

) = cos( �

bh

= 2) : (3)

See the app endix as w ell as Stork and Cla yton (1992) for a justi�cation of the

cosine. Notice that this p ositioning error increases as the angle of re
ection

increases.

Since the v elo cit y mo del is imp erfect, w e kno w that our original p ositions

for re
ection p oin ts w ere incorrect. W e do not w an t to discourage a new

v elo cit y mo del from mo ving the re
ection p oin ts, but w e do w an t consistency

from all o�sets that share a common-re
ection p oin t.

A revised v elo cit y mo del need not driv e the p ositioning errors (3) to zero

but should mak e the errors dep end on the re
ection p oin t b alone. W e w an t

to �nd the slo wness mo del that minimizes the v ariance of these errors o v er

o�set:

min

P

i

=

X

b

X

h

( e

bh

�

1

N

b

X

h

0

e

bh

0

)

2

: (4)

Analogously , prestac k depth migration m ust create consisten t images from

di�eren t o�sets, without constraining the depth of re
ectors. This quadratic



7

function of slo wness lends itself to least-squares metho ds lik e conjugate gradi-

en ts or singular-v alue decomp osition.

Figure 5 sho ws estimated transmission v elo cities and re
ection geometries.

These estimated depths v ary m uc h less o v er o�set than do the original pic ks in

�gure 3. Pic ks are discarded if the range of o�sets is inadequate to constrain t

a particular re
ection p oin t. (Single o�sets and nearly iden tical o�sets do not

harm the optimization, but do not help either.) Figure 6 sho ws the subtraction

of the original v elo cities in �gure 2 from the estimated v elo cities in �gure 5. A

single re
ector lo cation is able to �t mo deled tra v eltimes to within a quarter

w a v elength. Note that v elo cit y increases near the b ottom of the c halk, then

decreases again b elo w. W ell logs in the area sho w similar c hanges in c halk

v elo cities.

Figure 7 sho ws a remigration of the data with revised v elo cities. This time,

the re
ection at the b ottom of the c halk app ears v ery strong and coheren t, as

it do es b efore stac k. The common-image p oin t gathers in �gure 8 sho w greater

consistency o v er o�set. Although a few shallo w er re
ections seem sligh tly less

coheren t b efore stac k, the residual inconsistencies are distributed m uc h more

ev enly .

No further iteration w as necessary . If substan tial inconsistencies had re-

mained o v er o�set, then repic king w ould not ha v e help ed unless new re
ections

b ecame visible b efore stac k. In this case, revised v elo cities a�ected only the

migrated depths of re
ectors b efore stac k, not their coherence or strength.

Recommend a tions

The example in this pap er w as c hosen to demonstrate the equiv alence of depth

migration v elo cit y analysis and re
ection tomograph y . Most of our applica-

tions of re
ection tomograph y b egin with densely pic k ed stac king functions

that b est describ e the unmigrated prestac k mo v eouts of re
ections o v er o�set.

The follo wing guidelines are appropriate:

1. T o a v oid time-consuming hand optimization of prestac k depth migration

v elo cities, use tomographic v elo cit y estimations whenev er p ossible.

2. Use p ost-migration pic ks when unmigrated data are to o noisy for prestac k

in terpretation, or when complex structure o v erlaps considerably in time.

3. Use p ost-migration pic ks to impro v e an already existing in terv al v elo cit y

mo del that requires some minor impro v emen t.

4. Use unmigrated prestac k tra v eltimes to estimate an in terv al v elo cit y

mo del from scratc h, when data qualit y allo ws.

5. Pic k data prior to migration when shallo w lateral v elo cit y anomalies are

lik ely . (Migration will destro y evidence of \time sags.")
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6. When densely pic k ed \stac king v elo cities" are a v ailable (t w en t y p er ca-

blelength), tomographically estimate an in terv al v elo cit y routinely for

depth migration or con v ersion.

Conclusions

Already existing to ols for re
ection tra v eltime tomograph y are easily adapted

to prestac k migrated data. Migration eases pic king b y impro ving signal-to-

noise ratios and b y simplifying the app earance of re
ections. Those in terested

only in migrated images will b ene�t from using a more general algorithm,

capable of incorp orating tra v eltime information from other sources. When the

initial v elo cit y mo del is p o or, some re
ections ma y b e easier to pic k without

migration. P ost-migration pic ks can b e con v erted and com bined with pre-

migration pic ks, and ev en with pic ks from \stac king v elo cit y" analyses. One

tomographic algorithm can serv e for man y v arieties of data.

No repic king of data app ears to b e necessary , except to eliminate m ulti-

ples, cycle skipping, and other mistak es. T ra v eltime tomograph y is su�cien tly

iterativ e to allo w for the non-linearities of ra y-b ending, constrained v elo cities,

and so on. If tomographically estimated v elo cities and re
ectors do not �t the

pic k ed data, then the pic ks ma y not b e consisten t with the ph ysical assump-

tions. T omograph y pro vides the b est estimate of migrated depths from surface

information alone. F o cusing analysis can remo v e an y remaining unexplained

inconsistencies. T o ols also exist for in terpretiv e mo di�cation of the b est to-

mographic mo del, particularly to add or adjust sharp v elo cit y con trasts, suc h

as salt in terfaces.

Iden tifying common-re
ection p oin ts impro v es the robustness and con v er-

gence of estimated in terv al v elo cities. Errors in mo deled tra v eltimes can b e

con v erted in to equiv alen t displacemen ts of the re
ection p oin t for eac h ra y-

path. An optim um v elo cit y mo del encourages these displacemen ts to b e as

consisten t as p ossible, without attempting to preserv e the original p ositions.
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In this app endix, w e �ll in algorithmic details with a notation c hosen to mini-

mize am biguit y . First, w e de�ne ho w partial prestac k depth migrations trans-

form data with a summation (\Kirc hho� ") form ulation. Then w e relate the

e�ect of migration on coheren t re
ections to the ra ypath appro ximations used

b y tra v eltime tomograph y . Pic ks of constan t-o�set migrated depths are used

to �nd equiv alen t pic k ed prestac k re
ection times, and vice-v ersa. Finally ,

w e examine ho w p erturbations of re
ector lo cations a�ect the mo deled tra v el-

times, so that tomograph y can sim ultaneously optimize re
ection p oin ts and

in terv al v elo cities.

Prestac k depth migration

Seismic amplitudes u ( t; x

s

; x

r

) (displacemen t or pressure) are recorded as a

function of time t at the surface source and receiv er p ositions indexed b y s

and r . The Cartesian elemen ts of a co ordinate v ector x are ( x; y ; z ), where z

increases with depth. F or eac h surface source or receiv er p osition ( x

s

or x

r

)

w e extrap olate a table of tra v eltimes T ( x ; x

s

) to man y buried p ositions x .

T ra v eltimes are understo o d to satisfy an Eik onal equation. The gradien t of

tra v eltime has a magnitude equal to recipro cal v elo cit y , or slo wness:

1 =v ( x ) �








 r

x

T [ x ; x

0

]








 (5)

The Eik onal equation is accompanied b y transp ort equations, whic h sp ecify

the geometric c hanges in amplitude R ( x ; x

s

). The argumen ts of T and R

b oth can b e rev ersed symmetrically (a result of recipro cit y). Single-v alued

functions suc h as these do not allo w caustics or m ultiple arriv als. By making

the slo wness and v elo cit y indep enden t of x

0

w e also assume isotrop y .

The data are assumed to b e a linear function of the migrated image
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u ( t; x

s

; x

r

) =

Z

d x m ( x ) � [ t � T ( x ; x

s

) � T ( x ; x

r

)] R ( x ; x

s

) R ( x ; x

r

) gain ( t ) :

(6)

The recorded data are usually scaled b y an increasing function of time, suc h

as gain ( t ) = t

2

, to reduce the dynamic range. In ten tionally , this gain cancels

some of the scaling b y geometric factors.

A generalized in v erse of this linear equation w ould b e preferable, but for e�-

ciency , a mo di�ed adjoin t op eration giv es an appro ximate in v erse. This sum-

mation metho d is often called a \Kirc hho� " metho d although it need not use

the in tegral and appro ximation b y that name. The image lo cations will b e

indexed b y b .

^m ( x

b

) =

X

s;r

Z

dt _u ( t; x

s

; x

r

) � [ t � T ( x

b

; x

s

) � T ( x

b

; x

r

)] R ( x

b

; x

s

) R ( x

b

; x

r

) gain ( t ) :

(7)

The summation is o v er recorded source and receiv er p ositions. A time di�er-

en tiation of the data (a \rho" �lter) partially corrects the phase distortion of

the mo del.

F or our purp oses, a partial migration will b e more useful. W e �nd it useful to

p erform the summation o v er the midp oin t co ordinate x

c

� ( x

r

+ x

s

) = 2 rather

than source p osition. An image at a constan t \half o�set" x

h

� ( x

r

� x

s

) = 2

restricts the summation to source and receiv ers with a constan t separation:

^m

h

( x

b

) =

X

c

Z

dt _u ( t; x

c

� x

h

; x

c

+ x

h

) � [ t � T ( x

b

; x

c

� x

h

) � T ( x

b

; x

c

+ x

h

)] �

� R ( x

b

; x

c

� x

h

) R ( x

b

; x

c

+ x

h

) gain ( t ) : (8)

Similarly , w e can remo del data with di�eren t v ersions of the constan t o�set

migrations:

^u ( t; x

c

� x

h

; x

c

+ x

h

) =

X

b

^m

h

( x

b

) � [ t � T ( x

b

; x

c

� x

h

) � T ( x

b

; x

c

+ x

h

)] �

� R ( x

b

; x

c

� x

h

) R ( x

b

; x

c

+ x

h

) gain ( t ) : (9)

When the tra v eltime table is consisten t with the data, the constan t-o�set

images ^m

h

( x

b

) should not sho w c hanges in phase o v er di�eren t o�sets x

h

. F or

geometric discussions of phase dela ys, w e can ignore the smo othly v arying gain

and geometric scale factors.

Reconstructing ra ypaths from tra v eltimes

Usually , one constructs a tra v eltime table T from a particular v elo cit y mo del.

T o study the prop erties of the transforms (6) through (9), w e will �nd it useful
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to tak e the tra v eltime table as giv en and deduce other prop erties from it. W e

will then �nd it easier to impro v e the v elo cit y mo del and tra v eltime table.

De�ne a slo wness v ector p b y treating the tra v eltime table T as a scalar p o-

ten tial �eld:

p [ x ; x

0

] � r

x

T [ x ; x

0

] (10)

and

T [ x ; x

0

] =

Z

x

x

0

p [ x

00

; x

0

] � d x

00

; (11)

where the line in tegral can follo w an y path. By construction, the v ector slo w-

ness is irrotational (w a v es should not tra v el in a lo op): r � p = 0 .

The magnitude of the slo wness v ector is the slo wness P , the recipro cal of the

lo cal v elo cit y|a restatemen t of the Eik onal equation:

P ( x ) �








 p [ x ; x

0

]








 (12)

T o deriv e tra v eltimes tables from lo cal slo wnesses, w e need constan ts of in te-

gration. W e can extrap olate a unique tra v eltime table T from P if tra v eltimes

are sp eci�ed on a p oin t, curv e, or surface, and if tra v eltimes satisfy Laplace's

equation r

2

T = 0 elsewhere (sourceless). Unfortunately , caustics of cross-

ing slo wness v ectors easily form during extrap olation, pro ducing m ultiv alued

tra v eltimes. In practice, single-v alued extrap olations select either minim um

tra v eltimes or those with the strongest geometric scale factors.

Let a ra ypath x ( a ) b e parameterized as a function of spatial distance a , so

that k d x ( a ) =da k � 1. The ra ypath should also b e b e tangen t to an y slo wness

v ector that originates from another p oin t on the path:

d

da

x ( a ) � p [ x ( a ) ; x ( a

0

)] =P [ x ( a )] : (13)

Th us,

T [ x ( a ) ; x ( a

0

)] =

Z

a

a

0

da

0

d

da

0

T [ x ( a

0

) ; x ( a

0

)]

=

Z

a

a

0

da

0

r T [ x ( a

0

) ; x ( a

0

)] �

d

da

0

x ( a

0

)

=

Z

a

a

0

da

0








 p [ x ( a

0

) ; x ( a

0

)]



















d

da

0

x ( a

0

)










=

Z

a

a

0

da

0

P [ x ( a

0

)] (14)

W e ha v e the con v en tional result that the tra v eltime is the in tegration of slo w-

ness along a ra ypath.
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The ra ypath w as de�ned as tangen t to the slo wness v ector, but w e could mak e

the equiv alen t assumption that the �nal in tegral in equation (14) is stationary

with resp ect to the ra ypath x (minim um tra v eltime). The calculus of v ariations

allo ws us to rev erse the deriv ation.

T o extrap olate a ra ypath from a p oin t x ( a

0

) in a kno wn direction p ( a

0

), w e

can use equation (13) and the follo wing, whic h deriv es from (13) and (12):

d

da

p [ x ( a ) ; x ( a

0

)] = r

x

P [ x ( a )] : (15)

This equation describ es ho w a ra y is b en t b y lo cal c hanges in slo wness (Snell's

La w). Dynamic ra y tracing uses �nite di�erences to extrap olate the ra y di�er-

en tial equations, (13) and (15). Other metho ds include sho oting, relaxation,

and the recipro cit y metho d (whic h w e use), describ ed in Harlan (1990) and

Matsuok a and Ezak a (1992).

Residual geometric mo deling and migration

After p erforming the constan t o�set migration in (8), w e iden tify the same

con tin uous re
ector at sev eral constan t o�sets. W e pic k the migrated p ositions

of this re
ector x

bh

= [ x

b

; y

b

; z

bh

] at a �xed lateral p osition ( x

b

; y

b

) and allo w

the depth z

bh

to c hange with o�set index h . Eac h coheren t pic k is indexed

b y b . Let us also pic k the lo cal dip with a v ector q

bh

that is normal to the

migrated re
ector. F or con v enience, assume a unit magnitude: k q

bh

k � 1.

Lo cally , the coherence of this re
ection could b e appro ximated to �rst order

as a planar surface:

^m

h

( x

b

) � f [( x

b

� x

bh

) � q

bh

] (16)

where f ( � ) is a simple w a v elet describing the lo cal coherence p erp endicular to

the surface.

All our pic k ed data, suc h as found in �gure 3, will b e summarized as a list

of f x

bh

, q

bh

g , for man y b and h . Migrated re
ectors need only b e con tin uous

enough o v er x

b

to allo w the pic king of a lo cal dip. What coherence in the

original unmigrated data w ould ha v e pro duced these pic ks? Can w e deriv e a

set of equiv alen t unmigrated tra v eltime pic ks?

W e will �nd it easiest to answ er these questions b y seeing ho w equation (9)

remo dels the data. The migrated re
ection p oin t x

bh

con tributes to all source

and receiv er pairs with �xed \half o�sets" x

h

= ( x

r

� x

s

) = 2. F or eac h a�ected

midp oin t x

c

= ( x

r

+ x

s

) = 2, w e can dra w a ra ypath from the source and receiv er

to the re
ection p oin t. The t w o ra ys reac h the re
ection p oin t with kno wn

slo wness v ector directions p ( x

bh

; x

c

+ x

h

) and p ( x

bh

; x

c

� x

h

).

By lo oking for a stationary phase in the constan t-o�set mo deling in tegral (9)

with the appro ximation (16), w e �nd this re
ection p oin t con tributes most to

the midp oin t whic h maximizes
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max

x

c








 [ p ( x

bh

; x

c

� x

h

) + p ( x

bh

; x

c

+ x

h

)] � q

bh








 (17)

In other w ords, the ra ys should re
ect symmetrically ab out the normal to the

re
ector. Compare this argumen t to that of Liu and Bleistein (1995). When

this dot pro duct is maximized w e �nd that

p ( x

bh

; x

c

� x

h

) + p ( x

bh

; x

c

+ x

h

) = 2 P ( x

bh

) cos ( �

cbh

= 2) q

bh

;

where cos( �

cbh

) � [ p ( x

bh

; x

c

� x

h

) � p ( x

bh

; x

c

+ x

h

)] =P ( x

bh

)

2

: (18)

�

cbh

giv es the angle b et w een the t w o ra ypaths as they meet at the re
ection

p oin t.

The total tra v eltime of a re
ection is giv en b y

t

ch

( x

bh

) = T ( x

bh

; x

c

� x

h

) + T ( x

bh

; x

c

+ x

h

) : (19)

W e see ho w to reconstruct ra ypaths, tra v eltimes, and surface p ositions from

pic ks of migrated re
ectors. F or completeness, w e outline ho w to rev erse this

pro cedure.

Let us de�ne an equiv alen t set of tra v eltime pic ks from the original unmigrated

data. F or eac h o�set x

h

and midp oin t x

c

w e pic k a tra v eltime t

ch

. According

to the migration equation (8), this pic k a�ects all migrated p ositions x

bh

along

the arc describ ed b y equation (19). T o determine whic h of these midp oin ts

con tribute most, w e require more information.

W e can also pic k a dip of tra v eltime with resp ect to midp oin t p

ch

= r

x

c

t

ch

where r

x

c

� ( r

x

s

+ r

x

r

) = 2. W e assume a corresp onding coherence in the

data and lo ok for stationary phase in equation (8). The p osition along the arc

in (19) that con tributes most to the pic k ed re
ection maximizes

max

x

bh








 [ p ( x

c

� x

h

; x

bh

) + p ( x

c

+ x

h

; x

bh

)] � p

ch








 (20)

Th us, a constan t-o�set time pic k f t

ch

; p

ch

g or migrated pic k f x

bh

; q

bh

g are in-

terc hangeable, and can b e used to deriv e eac h other and construct the same set

of ra ypaths. T o distinguish tra v eltimes that are reconstructed from migrated

pic ks, w e use the index t

bh

in equation (3) in the main text to abbreviate

t

ch

( x

bh

). The stationary phase appro ximations mak e the same high frequency

assumptions as the Eik onal and ra y equations, and all fail in similar situations.

Con v erting time errors to re
ector errors

A p erturbation of the re
ection p oin t will p erturb the re
ection tra v eltime

(19) according to

� t

ch

( x

bh

) � t

ch

( x

bh

+ � x

bh

) � t

ch

( x

bh

) = 2 P ( x

bh

) cos( �

cbh

= 2) q

bh

� � x

bh

: (21)



15

Only a p erturbation p erp endicular to the re
ector will a�ect the tra v eltime.

W e ha v e e�ectiv ely assumed that the w a v efron t is planar in the vicinit y of the

re
ection p oin t.

T raditionally , tomograph y minimizes errors b et w een mo deled and measured

tra v eltimes. Instead, w e can con v ert tra v eltime errors in to equiv alen t errors in

re
ector p ositions:

�
^

x

cbh

=

� t

ch

( x

bh

)

2 P ( x

bh

) cos( �

cbh

= 2)

q

bh

: (22)

More con v enien tly still, w e can measure these errors in re
ector p ositions b y

the c hange in tra v eltime of a normal re
ection:

e

cbh

�

� t

ch

( x

bh

)

cos( �

cbh

= 2)

: (23)

As w e optimize the slo wness mo del, w e do not wish to minimize these errors

in re
ector p ositions absolutely b ecause w e do not kno w the correct absolute

lo cation. Rather w e wish the lo cations to b e consisten t o v er o�set, with a

minim um v ariance in p osition errors, as in equation (4).



16

FIGURES

FIG. 1. Prestac k depth migration of Netherlands North Sea data with a sim-

ple strati�ed v elo cit y mo del. Shotp oin t units index the lo cations of seismic

sources, whic h are spaced at 22.5 m.

FIG. 2. Common-image-p oin t gathers. Constan t-o�set migrated images w ere

sorted o v er o�set at selected common-midp oin t lo cations. Note inconsisten t

imaging of re
ector at p osition 400 and 2750 m depth.

FIG. 3. A simple strati�ed v elo cit y mo del with pic k ed constan t-o�set migrated

depths. A t least �v e o�sets w ere pic k ed for eac h re
ection, including a near

o�set of 154 m (distance b et w een source and receiv er). The maxim um pic k able

o�set increased from 1300 m at 800 m depth to 3575 m at 4800 m depth. Note

the inconsistency of depths at di�eren t o�sets for the re
ection near 2300 m

depth.

FIG. 4. A reconstruction of constan t-o�set tra v eltimes from the constan t-

o�set pic ks and v elo cities in �gure 3. These are su�cien t data for tra v eltime

tomograph y .

FIG. 5. An iterativ ely optimized mo del for the in terv al v elo cities and migrated

re
ection depths. The consistency of re
ectors o v er o�set has impro v ed.

FIG. 6. A subtraction of the original v elo cit y mo del in �gure 3 from the �nal

estimated v elo cit y mo del in �gure 5. Note that the v elo cit y has increased

ab o v e 2500 m depth and decreased b elo w.

FIG. 7. A revised prestac k depth migration with the optimized in terv al v elo c-

it y mo del in �gure 5. The previously w eak re
ector near 2500 m depth is no w

v ery strong. (Lo cal gain w eak ens some neigh b oring re
ectors.)

FIG. 8. Revised common-image p oin t gathers. Errors in residual mo v eout are

m uc h b etter distributed.


