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Intr oduction

In m y geoph ysical w ork, I rely hea vily up on a generalized in v ersion algorithm

called Gauss-Newton optimization. The Gauss-Newton metho d minimizes ob-

jectiv e functions that can b e iterativ ely appro ximated b y quadratics. This

approac h is particularly appropriate for least-squares in v ersions of mo derately

non-linear transforms. The pac k age also con tains co de for conjugate-gradien t

and line-searc h optimizations.

Ov er t w o decades I ha v e implemen ted this pac k age four times, in four di�er-

en t programming languages. Ev ery feature of this pac k age has b een motiv ated

b y practical application. This particular Ja v a v ersion is only a few y ears old,

but I ha v e already used it for a dozen or more distinct in v ersion problems. I

�nd no preexisting pac k age so suitable for t ypical geoph ysical in v ersion prob-

lems.

The abstraction is designed to minimize the burden of supp orting new

mo dels, data, and transforms. Unlik e man y approac hes, w e will not b e re-

quired to construct and in v ert large linear matrices. W e only need to b e able

to p erform transformations on sp eci�c mo dels and datasets. The in v ersion

algorithm need not kno w an y of the implemen tation details of those mo dels

and transformations.

F or eac h new problem, I m ust implemen t t w o distinct Ja v a in terfaces. The

data and mo del are encapsulated b y t w o implemen tations of the Vect in terface.

The sim ulation to b e in v erted m ust b e encapsulated b y Transform if non-

linear, or b y LinearTransform if linear. An y constrain ts or conditioning can

b e implemen ted with one of these in terfaces. Finally , the mo del that b est

explains a particular dataset is in v erted b y the GaussNewtonSolver.solve

metho d if non-linear, and b y QuadraticSolver.solve if linear.
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Model and d a t a as abstra ct vectors

Our optimization algorithm will b e de�ned only in terms of general v ector

spaces and op erators on v ectors. Our abstractions of mo del and data m ust

�rst supp ort these op erations. Notice that this use of the w ord v ector is

not limited to one-dimensional arra ys. See Luen b erger's [5] \Optimization b y

V ector Space Metho ds."

Let us write a sp eci�c dataset as a v ector d and a mo del as a v ector

m . Eac h of these v ectors b elong to a separate v ector space, with di�eren t

dimensionalit y , norms, and implemen tations. Both m ust supp ort the same

v ector op erations.

First, a v ector can b e scaled b y a constan t and added to another v ector, to

pro duce another v alid v ector. I.e, if m

1

and m

2

are t w o separate mo dels, and

� and � are scale factors, then � m

1

+ � m

2

is also a mo del v ector. This v ector

scaling and addition m ust b e comm utativ e, asso ciativ e, and distributiv e. Here

is the metho d that m ust b e de�ned b y the Ja v a in terface for an abstract v ector.

public interface Vect extends VectConst {

/** Add a scaled version of another vector to a scaled version of this

vector.

@param scaleThis Multiply this vector by this scalar before adding.

@param scaleOther Multiply other vector by this scalar before adding.

@param other The other vector to be multiplied.

*/

public void add(double scaleThis, double scaleOther, VectConst other) ;

...

}

W e could ha v e de�ned metho ds to scale and add separately , but this metho d

o�ered the b est compromise b et w een e�ciency and simplicit y . Y our imple-

men tation can optimize sp ecial cases where a scale factor is 0 or 1.

VectConst is an in terface that supp orts only imm utable op erations. Vect

extends VectConst and add metho ds that mo dify the state of the v ector.

Next w e de�ne a dot pro duct (or inner pro duct) for a normed v ector space.

In v ector notation, an y t w o v ectors from the same space can b e dotted to

pro duce a scalar: m

1

� m

2

. This dot pro duct is usually a simple Cartesian dot

pro duct of all in ternal parameters. An y non-Cartesian distances are separated

in to a separate \in v erse co v ariance" op erator. The magnitude or norm of a

v ector is giv en b y k m k

2

� m � C

~

� 1

m

� m The signi�cance of this co v ariance will

b e clearer once w e de�ne an ob jectiv e function.

Here are the appropriate Ja v a op erations:

public interface VectConst extends Cloneable, java.io.Serializ abl e {

/** Return the Cartesian dot product of this vector with another

vector (not including any inverse covariance).

@param other The vector to be dotted.
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@return The dot product.

*/

public double dot(VectConst other);

/** This is the dot product of the vector with itself premultiplied

by the inverse covariance. Equivalently,

Vect vect = (Vect) this.clone();

vect.multiplyIn ver se Cov ar ian ce () ;

return this.dot(vect);

*/

public double magnitude() ;

...

}

public interface Vect extends VectConst {

...

/** Optionally multiply a vector by the inverse covariance matrix.

Also called preconditioning .

A method that does nothing is equivalent to an identity.

*/

public void multiplyInverseCo va ria nc e( );

...

}

Notice that all VectConst extends Cloneable and Serializable . Copies will

frequen tly b e necessary . The optimization will minimize the n um b er of v ectors

instan tiated sim ultaneously , to reduce memory requiremen ts, ev en if it requires

rep eating some less exp ensiv e op erations.

The VectConst.magnitude() metho d is redundan t, but it is necessary to

a v oid creating extra copies of the mo del. If y our v ectors are small, y ou can

use a simple implemen tation with a clone, as sho wn in the commen t.

Serializable is not strictly necessary , but often highly desirable with cre-

ating collections of v ectors. F or example, y ou can use the wrapp er class

VectCache to create a collection of Vect 's that are cac hed to disk. VectCache

is itself a Vect . Y ou ma y also w an t to implemen t a transform that distributes

w ork to other no des. If neither of these situations are the case, y ou need not

o v erride the default serialization.

Use the static metho d VectUtil.test(VectConst vect) to test y our im-

plemen tation of all these metho ds.

W e ha v e no w co v ered all mandatory op erations required for our generalized

in v ersion. Some optional op erations suc h as hard constrain ts and conditioning

are also supp orted and will b e discussed later.

Abstra ction of non-linear simula tion

Next w e need an abstraction of the calculations that sim ulate our data from a

particular mo del. The in v ersion algorithm is not in terested in implemen tation
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details, but only in the application of the transform. If our data are encapsu-

lated as a v ector d and our mo del as m , then w e can write our sim ulation as

d = f ( m ).

With just a forw ard transform (sim ulation), no in v ersion could e�cien tly

estimate the mo del that b est explains a particular dataset. The in v ersion

w ould only b e able to try di�eren t random mo dels and compare the results,

without an y suggestion on ho w b est to mo dify the mo del. Our abstraction of

a transform requires t w o more op erations.

First, w e m ust kno w ho w a small p erturbation of a mo del a�ects the data.

If w e add a small p erturbation � m to a reference mo del m

0

, then w e w ould

lik e to kno w the resulting p erturbation to the data � d . W e m ust b e able to

implemen t a linear transform F

~

( m

0

) so that

� d = F

~

( m

0

) � � m � f ( m

0

+ � m ) � f ( m

0

) : (1)

The op erator F

~

( m

0

) is linear if the follo wing equalit y holds

F

~

( m

0

) � ( � �m

1

+ � �m

2

) � � F

~

( m

0

) � �m

1

+ � F

~

( m

0

) � � m

2

(2)

for all � ; � ; � m

1

; and �m

2

:

I alw a ys attempt to parameterize m y mo del so that this linearization is as

go o d as p ossible. The b etter the linearization, the b etter the con v ergence.

Finally , w e will need a transp ose F

~

T

( m

0

) of the linear transform. A trans-

p ose is de�ned b y the equalit y

�d � [ F

~

( m

0

) � �m ] � [ F

~

T

( m

0

) � �d ] � � m for all � d and � m : (3)

The transp ose is kno wn as \bac k-pro jection" in tomograph y and as \bac k-

propagation" in neural net w orks.

In addition to v ectors for the data and mo del, our generic in v ersion will

require us to implemen t an in terface for this transform. In Ja v a, the three

essen tial op erations lo ok lik e

public interface Transform {

/** Non-linear transform: data = f(model).

@param data Output. Initial values are ignored.

@param model Input. Unchanged.

*/

public void forwardNonlinear( Ve ct data, VectConst model);

/** A linearized approximation of the forward transform

for a small perturbation (model) to a reference model (modelReference).

The output data must be a linear function of the model perturbation.

Linearized transform:

data = F model ~= f(model + modelReference) - f(modelReferenc e)
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@param data Output. Initial values are ignored.

@param model Perturbation to reference model.

@param modelReference The reference model for the linearized operator.

*/

public void forwardLinearized (V ect data, VectConst model,

VectConst modelReference) ;

/** The transpose of the linearized approximation of the forward transform

for a small perturbation (model) to a reference model (modelReference):

model = F' data. Add the result to the existing model.

@param data Input for transpose operation.

@param model Output. The transpose will be added to this vector.

@param modelReference The reference model for the linearized operator.

*/

public void addTranspose(Vect Co nst data, Vect model,

VectConst modelReference) ;

...

}

In addition, there is an optional in v erse Hessian metho d that can b e used to

sp eed con v ergence. W e will discuss this metho d later.

Use the static metho d VectUtil.getTransposePr ecis ion to ensure that

y our transp ose satis�es the dot-pro duct de�nition.

W e no w ha v e all the prop erties required for a generalized in v ersion of a

transform to obtain a mo del v ector that b est explains a data v ector.

A d amped least-squared objective function

The damp ed least squares ob jectiv e function b eha v es w ell for geoph ysical prob-

lems that are b oth o v er-determined and under-determined. When o v er-deter-

mined, errors in data will b e distributed as uniformly as p ossible. When

under-determined, comp onen ts of the mo del will b e suppressed if they do not

impro v e the �t with data signi�can tly . F or motiv ation of damp ed least squares

as a sto c hastic optimization see Menk e [7], Ja ynes [4], or Bo x and Tiao [1].

W e assume that our data d are a non-linear function f ( m ) of our mo del m .

The noise v ector n will b e an y comp onen t of our data that w e cannot explain:

d = f ( m ) + n : (4)

Assume the noise n and mo del m are sampled from separate Gaussian dis-

tributions. The mo del that b est explains a sp eci�c dataset is the one that

minimizes this ob jectiv e function.

min

m

f [ d � f ( m )] � C

~

� 1

n

� [ d � f ( m )] + m � C

~

� 1

m

� m g : (5)

The co v ariance matrices describ e exp ected correlations b et w een eac h Gaussian

parameter in a v ector. (Assume without loss of generalit y that the mean of

the mo del and noise are zero. W e can adjust our transform accordingly .)
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This ob jectiv e function will b e easier to optimize if co v ariances are as diag-

onal as p ossible. I discuss suc h manipulation of the quadratic ob jectiv e func-

tion in the pap er \Regularization b y Mo del P arameterization" [3]. I strongly

recommend y ou examine this pap er as w ell.

Y ou need only damp the magnitude of the mo del sligh tly to assure a sta-

ble in v erse. If y our noise and mo del samples are completely stationary and

indep enden t, y our Vect.multiplyInverseCovari ance () metho ds need only

m ultiply b y a scalar. I �rst an ticipate reasonable ph ysical magnitudes for the

noise and for the mo del. If b oth noise and mo del attain their most reasonable

v alues, then the t w o squared p enalt y terms should b e equal in the ob jectiv e

function (5). Instead I adjust co v ariances so that mo del parameters can attain

magnitudes 10 or 100 times their most reasonable v alues b efore the t w o terms

are equal. This minimal damping is su�cien t to guaran tee a stable in v erse

without distorting the solution unnecessarily . (Note that b oth co v ariances can

b e m ultiplied b y the same arbitrary scale factor without a�ecting the �nal

solution.)

A Gauss-Newton algorithm iterativ ely appro ximates the ob jectiv e function

as a quadratic function of a p erturbation of the mo del:

min

� m

[ d � f ( m

0

) � F

~

( m

0

) � � m ] � C

~

� 1

n

� [ d � f ( m

0

) � F

~

( m

0

) � �m ]

+( m

0

+ �m ) � C

~

� 1

m

� ( m

0

+ �m ) : (6)

T o minimize a completely quadratic ob jectiv e function, w e can use the w ell-

understo o d conjugate-gradien t algorithm (see Gill et al [2] or Luen b erger [6]).

The b est p erturbation of the mo del �m is is actually a linear function of the

remaining error in the data d � f ( m

0

).

W e migh t b e tempted simply to add the p erturbation �m to the reference

mo del m

0

, but non-linearit y in the transform can cause div ergence. Instead

the algorithm solv es for a single scale factor � to m ultiply the p erturbation

�m b efore addition.

min

�

[ d � f ( m

0

+ � �m )] � C

~

� 1

n

� [ d � f ( m

0

+ � �m )]

+( m

0

+ � �m ) � C

~

� 1

m

� ( m

0

+ � �m ) : (7)

Often in geoph ysical problems, the original ob jectiv e function (5) has less

curv ature than the quadratic appro ximation. In suc h a case, the estimated

scale factor � can b e exp ected to b e less than one.

T o searc h for a single scalar in a kno wn range, the line-searc h algorithm

( ScalarSolver ) minimizes the n um b er of ev aluations of the original ob jectiv e

function. I use a line-searc h that searc hes for a parab olic minim um with h yp er-

linear con v ergence. If con v ergence is p o or b ecause of strong non-linearit y , the

searc h resorts to a golden section with at least linear con v ergence.
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Constraints and conditioning

The Vect and Transform in terfaces include some optional metho ds to apply

constrain ts and to impro v e con v ergence.

Often our nonlinearit y is due en tirely to hard constrain ts up on our mo del.

F or example, seismic v elo cities ma y b e constrained to a strict range of p ositiv e

v alues.

W e also often ha v e a partial in v erse of our forw ard transform, p erhaps

from an analytic deriv ation that assumes our data are more ev enly sampled.

Or w e ma y kno w that a forw ard and transp ose op eration ampli�es certain

comp onen ts of the data. W e should b e able to use suc h information to impro v e

con v ergence.

If y ou ha v e a simple hard constrain t, suc h as an inequalit y , de�ne it in the

metho d Vect.constrain() . An empt y implemen tation do es nothing. This

metho d do es not a�ect the conjugate-gradien t optimization of the quadratic

appro ximation. Instead this metho d is applied after adding a p erturbation to

the reference mo del. The metho d is called rep eatedly during the line searc h

for a b est scale factor for the p erturbation.

Y ou ma y instead wish to limit the degrees of freedom a v ailable to an up date,

without similarly constraining y our reference mo del. Y our mo del and y our

up dates need not share the same implemen tations of the Vect in terface. Y ou

need only con v ert from one to the other b y implemen ting the Vect.project

metho d, whic h has the same argumen ts as the Vect.add metho d.

Most users of prepac k aged in v ersions are familiar with \preconditioning"

as a metho d of impro ving con v ergence. Instead of attempting to in v ert a

transform lik e d = f ( m ), one in v erts a related problem P

~

� d = P

~

� f ( m ). The

preconditioning transform P

~

ampli�es comp onen ts of the data that should b e

in v erted �rst. Unfortunately , solving this problem is not the same as solving

our original problem. Our �nal distribution of errors will b e di�eren t. W e

ha v e e�ectiv ely de�ned a new dataset and a new transform, whic h of course

w e can do at an y time without help from the in v ersion co de.

As I men tioned b efore, m y fa v orite metho d of stabilizing and impro ving

con v ergence is a reparameterization of the mo del [3]. This approac h simpli�es

and diagonalizes the mo del co v ariance op erator.

Ev en after reparameterization, w e ma y w an t to encourage certain parts

of the mo del to b e up dated �rst. W e ma y kno w that our forw ard transform

has greater or lesser sensitivit y to certain comp onen ts of our mo del. Both the

Vect and Transform in terfaces allo w us to add \p ost-conditioning" that tak es

adv an tage of suc h kno wledge.

The Vect in terface has an optional metho d Vect.postCondition() . If

y ou de�ne an empt y implemen tation for this metho d, y ou will receiv e the

default b eha vior, whic h should b e �ne. F or b etter con v ergence, this metho d

can apply a linear �lter to the data that enhances comp onen ts that should b e
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optimized �rst, and suppresses comp onen ts of lesser imp ortance. This is the

last op eration applied to a mo del gradien t b efore use in the conjugate-gradien t

algorithm. Y our ob jectiv e function is not mo di�ed, but y our p erturbations of

that mo del will impro v e. Y ou should b e able to obtain a b etter mo del in few er

iterations.

Alternativ ely , y ou ma y ha v e already ha v e an appro ximate linear in v erse for

the linearized forw ard transform. W e call this in v erse the \in v erse Hessian"

b ecause the Hessian is the tensor curv ature of the quadratic appro ximation.

Y ou de�ne an appro ximate in v erse Hessian b y implemen ting the Transform

.multiplyInverseHessian() metho d. Lea ving a default empt y implemen ta-

tion is equiv alen t to assuming an iden tit y .

F or a giv en linearization F

~

( m

0

) , the in v erse Hessian G

~

( m

0

) should b e the

partial in v erse

G

~

( m

0

) � [ F

~

T

( m

0

) � F

~

( m

0

)]

� 1

; or (8)

G

~

( m

0

) � [ F

~

T

( m

0

) � F

~

( m

0

)] � I

~

: (9)

As long as the pro duct G

~

� F

~

T

� F

~

is more diagonal, or b etter balanced along

the diagonal, this in v erse Hessian will impro v e con v ergence. In tomograph y

suc h a �lter is called \hit coun t balancing" and in slan t-stac ks a \rho �lter."

Again, this op erator implies no c hange in the ob jectiv e function, just in the

w a y w e p erturb our solution.

One last optional op eration is useful for v ery noisy data: Transform.adjust-

RobustErrors(Vect dataError) . This op eration do es imply a c hange to our

ob jectiv e function, though a minor one. This metho d will b e passed an esti-

mate of the errors in �tting the data | the original data min us the sim ulation

of the data with the b est curren t mo del. Y our metho d ma y detect that a small

subset of y our data has exceptionally large errors. Rather than allo w a few bad

data to distort y our result, y our metho d can clip or scale bac k these errors.

Do not c hange the o v erall v ariance of the errors more than necessary . (If y ou

are familiar with L1 optimization, y ou can also use this metho d to divide all

errors b y their previous magnitudes, to iterativ ely appro ximate a median �t

to y our data.)

The Ga uss Newton sol ver

Most ev erything unique ab out y our in v ersion problem is describ ed b y y our

implemen tation of the Vect and Transform in terfaces. F or an in v ersion with

all features describ ed previously , y ou should call this static metho d of Gauss-

NewtonSolver :

public class GaussNewtonSolv er {

public static Vect solve (VectConst data,
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VectConst referenceModel,

VectConst perturbModel, // optional

Transform transform,

boolean dampOnlyPerturba tio n,

int conjugateGradIte ra ti ons ,

int lineSearchIterat io ns ,

int linearizationIte ra ti ons ,

double lineSearchError ,

Monitor monitor) // optional

...

}

The return v alue of this metho d is the mo del that b est explains an instance

of y our data, passed as the �rst argumen t data .

The second argumen t referenceModel is the mo del that should b e used

as the initial guess of y our solution. Often y ou can initialize this mo del to a

zero magnitude. The returned solution will b e alw a ys b e a revised instance of

this reference mo del.

If y ou w an t to p erturb the reference mo del with an instance of a di�eren t

class, then pro vide a perturbModel . If perturbModel is n ull, then instances

of the reference mo del will b e used for p erturbations. The project metho d of

the reference mo del should accept the p erturbation as an argumen t. P erturba-

tions should ha v e few er degrees of freedom than the reference mo del, b ecause

pro jection will lose an y additional degrees of freedom. The initial state of this

v ector is ignored.

Y our Transform should b e able to mo del y our data from the reference

mo del with forwardNonlinear , and should b e able to use an instance of the

reference or p erturb ed mo del as p erturbations in the forwardLinearized and

addTranspose metho ds.

If dampOnlyPerturbations is true, then the ob jectiv e function will only

minimize di�erences b et w een y our reference mo del and y our new mo del. Oth-

erwise, the absolute Vect.magnitude() of y our mo del will b e minimized.

Remaining parameters let y ou con trol ho w m uc h computational e�ort y ou

are willing to exp end on the solution.

Eac h quadratic appro ximation should b e minimized with at least a few

iterations of conjugate-gradien ts. The parameter conjugateGradIterations

should ha v e a minim um of 3 iterations and a t ypical v alue of 4 or 5. If y our

transform is relativ ely inexp ensiv e, then indulge in a few more. Eac h itera-

tion results in an additional ev aluation of the linearized forw ard and transp ose

transform. If this parameter has a v alue of 1, then y our optimization will b e

equiv alen t to non-linear steep est-descen t, whic h is notorious for p o or con v er-

gence when the Hessian has a p o orly balanced diagonal.

T o scale the conjugate-gradien t p erturbation, w e m ust p erform a line searc h.

The parameter lineSearchIterations con trols the maxim um n um b er of ev al-

uations of the non-linear forw ard transform to b e used for this searc h. Because
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of the h yp er-linear con v ergence, y ou can exp ect fairly go o d optimization of this

scale factor with as few as 12 iterations. T ypically I prefer a safer v alue of 20,

b ey ond whic h y ou are unlik ely to see an impro v emen t. If y ou sp ecify 0, then

y ou will get a default scale factor of 1. Suc h a c hoice migh t con v erge w ell on

a transform that w as almost en tirely linear to b egin with. A v alue of 1 migh t

b e a go o d c hoice if the y our only non-linearit y results from hard constrain ts

on y our mo del from the Vect.constrain() metho d.

The n um b er of iterations actually used for the line searc h dep ends on the

required precision of the scale factor. The parameter lineSearchError is the

acceptable fractional error in the estimated scale factor. I t ypically use a v alue

of 0.001 or smaller.

The parameter linearizationIterations con trols the outermost lo op of

reappro ximating the ob jectiv e function as a quadratic. Eac h of these itera-

tions m ultiplies the n um b er of conjugate-gradien t and line searc h ev aluations

required. The n um b er of quadratic appro ximations should b e fairly small, un-

less y our transform is strongly non-linear. I t ypically c ho ose a minim um v alue

of 3 unless I can a�ord more.

If y ou wish to sa v e the results of eac h linearized iteration, then y ou can

construct y our o wn lo op: set linearizationIterations to 1 and use the

solution from eac h iteration as the reference mo del for the next. Managing

y our o wn outer lo op will not increase the computational cost signi�can tly .

T o get a go o d feel for the di�cult y of y our problem, see if increasing the

n um b er of iterations or precision impro v es y our solution signi�can tly .

T o trac k the progress of y our in v ersion, y ou can optionally pass a non-

n ull implemen tation of the Monitor in terface. This in terface de�nes a single

metho d public void report(double fraction) whic h will b e called reg-

ularly with the curren t fraction of w ork done. V alues range from 0 at the

b eginning to 1 when all w ork is done. T o prin t the progress to a ja v a Logger ,

use the existing implemen tation in LogMonitor .

Simpler conjuga te-gradient and scalar sol vers

If y our transform is en tirely linear, y ou need only use a conjugate-gradien t

solv er. Y ou can implemen t the simpler LinearTransform in terface that con-

tains one instead of t w o forw ard transforms. Use this solv er instead:

public class QuadraticSolver {

...

public static Vect solve (VectConst data,

VectConst referenceModel,

LinearTransform linearTransform,

boolean dampOnlyPerturba tio n,

int conjugateGradIte ra ti ons ,

Monitor monitor)
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...

}

All other parameters ha v e the same meaning as b efore. No linearization or

line-searc h is necessary , so the corresp onding parameters ha v e disapp eared.

The conjugate-gradien t algorithm itself is con tained in the QuadraticSol-

ver class. T o use this class directly , y ou m ust construct the normal equations

of y our least-squares problem, including a Hessian op erator. F or in v ersion

problems, this form is m uc h less con v enien t than the QuadraticSolver.solve

metho d ab o v e. But if y our ob jectiv e function is already expressed as a simple

quadratic, then y ou migh t w an t to use this lo w er-lev el class.

Y ou migh t also ha v e o ccasion to estimate a single parameter that mini-

mizes some arbitrary function. Y ou can use the ScalarSolver class directly

b y implemen ting the single metho d in the ScalarSolver.Function in terface.

This is the same algorithm used in ternally b y the Gauss-Newton algorithm for

the line-searc h of a scale factor.

Conclusion

I ha v e describ ed all metho ds a v ailable in the in terfaces a v ailable for solving

a generalized least-squares in v ersion problem. Metho ds exist for testing the

in ternal consistency of y our implemen tations. I think y ou will �nd a large

n um b er of in v ersion problems can b e solv ed b y this framew ork. When the

sim ulation is to o non-linear for this framew ork, it is also lik ely to b e di�cult

for an y framew ork to optimize w ell. Y ou w ould b e w ell advised to attempt a

reparameterization of y our mo del.

References

[1] George E.P . Bo x and George C. Tiao. Bayesian Infer enc e in Statistic al

A nalysis . John Wiley and Sons, Inc., 1973.

[2] Philip E. Gill, W alter Murra y , and Margaret H. W righ t. Pr actic al Opti-

mization . Academic Press, 1981.

[3] William S. Harlan. Regularization b y mo del reparameterization. This

website: p ap ers/r e gularization.p df , 1995.

[4] E.T. Ja ynes. Pr ob ability The ory: The L o gic of Scienc e . Cam bridge Uni-

v ersit y Press, 2003.

[5] Da vid G. Luen b erger. Optimization by V e ctor Sp ac e Metho ds . John Wiley

and Sons, Inc., 1969.



An implemen tation of generalized in v ersion | W.S. Harlan 12

[6] Da vid G. Luen b erger. Intr o duction to Line ar and Nonline ar Pr o gr amming .

Addison W esley , 1973.

[7] William Menk e. Ge ophysic al Data A nalysis: Discr ete Inverse The ory . Aca-

demic Press, Inc., 1984.


