
Bounded geometri
 growth:motivation for the logisti
 fun
tionWilliam S. HarlanAugust 2007Introdu
tionThe logisti
 fun
tion appears often in simple physi
al and probabilisti
 exper-iments. A normalized logisti
 is also known as an S-
urve or sigmoid fun
tion.The �rst derivative of this fun
tion has a familiar bell-like shape, but it is nota Gaussian distribution. Many use a Gaussian to des
ribe data when a logisti
would be more appropriate. The tails of a logisti
 are exponential, whereasthe tails of a Gaussian die o� very qui
kly. To de
ide whi
h distribution makesmore sense, we must must be aware of the 
on
eptual model for the underlyingphenomena.In biology, the logisti
 des
ribes population growth in a bounded environ-ment, su
h as ba
teria in a petri dish. In business, a logisti
 des
ribes thesu

essful growth of market saturation. In engineering, the logisti
 des
ribesthe produ
tion of a �nite resour
e su
h as an oil�eld or a 
olle
tion of oil�elds.After dis
ussing examples, we will see how a bound to exponential growthleads to logisti
 behavior. There are other forms of the logisti
 fun
tion withextra variables that allowmore arbitrary shifts and s
aling. First, I limitmyselfto the form derived most naturally from the Verhulst equation. Normalizations
larify the behavior without any loss of generality. Finally, I use a 
hange ofvariables for �tting re
orded data in physi
al units.ExamplesExponential (geometri
) growth is a widely appre
iated phenomenon for whi
hwe already have familiar mental models. Investments and populations growexponentially (geometri
ally) when their rate of growth is proportional to theirpresent size. You 
an take almost any example of exponential growth and turnit into logisti
 growth by putting a maximum limit on its size. Just make therate of growth also proportional to the remaining room left for growth. Whyis this su
h a natural assumption? 1
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tion | W.S. Harlan 2Growth in a petri dishLet us 
onsider the ba
teria in a petri dish. This is an easy way to 
reate alogisti
 
urve in nature, and the mental model is a simple one.A petri dish 
ontains a �nite amount of food and spa
e. Into this dish weadd a few mi
ros
opi
 bits of ba
teria (or mold, if you prefer). Ea
h ba
teriumlives for a 
ertain amount of time, eats a 
ertain amount of food during thattime, and breeds a 
ertain number of new ba
teria. We 
an 
ount the totalnumber of ba
teria that have lived and died so far, as a 
umulative sum; ormore easily, we 
an 
ount the amount of food 
onsumed so far. The twonumbers should be dire
tly proportional.At the beginning these ba
teria see an vast expanse of food, essentiallyunlimited given their 
urrent size. Their rate of growth is dire
tly proportionalto their 
urrent population, so we expe
t to see them begin with exponentialgrowth. At some point, sooner or later, these ba
teria will have grown to su
ha size that they have eaten half the food available. At this point 
learly therate of growth 
an no longer be exponential. In fa
t, the rate of 
onsumption offood is now at its maximum possible rate. If half the food is gone, then the total
umulative population over time has also rea
hed its halfway point. As manyba
teria 
an be expe
ted to live and die after this point as have gone before.Food is now the limiting fa
tor, and not the size of the existing population.The rate of 
onsumption of food and the population at any moment are in fa
tsymmetri
 over time. Both de
line and eventually approa
h zero exponentially,at the same rate at whi
h they originally in
reased. After most of the food hasdisappeared, the population growth is dire
tly proportional to the amount ofremaining food. As there are fewer pla
es for ba
teria to �nd food, then fewerba
teria will survive and 
onsume a lifetime of food. Although the populationsize is no longer a limit, their individual rates of reprodu
tion still matter.The logisti
 fun
tion 
an be used to des
ribe either the fra
tion of thefood 
onsumed, or the a

umulated population of ba
teria that have lived anddied. The �rst derivative of the logisti
 fun
tion des
ribes the rate at whi
hthe food is being 
onsumed, and also the living population of ba
teria at anygiven moment. (If you have twi
e as many ba
teria, then they are 
onsumingfood at twi
e the rate.) This derivative has an intuitive bell shape, up anddown symmetri
ally, with exponential tails. The logisti
 is the integral of thebell shape: it rises exponentially from 0 at the beginning, grows steepest atthe half-way point, then asymptoti
ally approa
hes 1 (or 100%) at later times.The time s
ale is rather arbitrary. We 
an adjust the units of time or the ratesof growth and �t di�erent populations with the same 
urve.Let us qui
kly examine two slightly messier examples, to see the analogies.
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tion | W.S. Harlan 3Market shareThe market share of a given produ
t 
an be expressed as a fra
tion, from 0% to100%. All markets have a maximum size of some kind, at least the one imposedby a �nite number of people with money. Let's assume someone begins with asuperior produ
t and that the relative quality of this produ
t to its rivals doesnot 
hange over time. The early days of this produ
t on the market shouldexperien
e exponential growth, for several reasons. The number of new peopleexposed to this new produ
t depends on the number who already have it. Theability of a business to grow, advertise, and in
rease produ
tion is proportionalto the 
urrent 
ash-
ow. A exponential is an ex
ellent default 
hoi
e, in theabsen
e of other spe
ial 
ir
umstan
es (whi
h always exist).Clearly, when you have a 
ertain fra
tion of the market, geometri
 growthis no longer possible. Peter Norvig 
oined this as Norvig's Law: \Any te
hnol-ogy that surpasses 50% penetration will never double again (in any numberof months)." But let's also assume we have no regulatory limits and no oneabusing a larger market share (bear with me). This produ
t should still natu-rally tend to a saturated monopoly of the market. Su
h market saturation istypi
ally drawn as a sigmoid mu
h like a logisti
. In fa
t it is a logisti
, givenno other me
hanisms. After saturation, the rate of 
hange of market share isproportional to the de
lining number of new 
ustomers. In any given month,a 
onsistent fra
tion of the remaining un
onverted 
ustomers will 
onvert tothe superior produ
t. That is, we have a geometri
 or exponential de
line innew 
ustomers for ea
h reporting period.Mining and oilFinally, let's examine the dis
overy and exhaustion of a physi
al resour
e, su
has mining a mountain range, or exploration and produ
tion of oil in an �eld.The logisti
 has long been used to predi
t the produ
tion history, the numberof barrels of oil produ
ed a day, in any oil �eld. The 
urve also a

uratelyhandles a 
olle
tion of oil�elds, in
luding all the oil �elds in a given 
ountry.Su
h a 
al
ulation was �rst used by King Hubbert in 1957 to predi
t 
orre
tlythe peak of total US oil produ
tion in the early 1970's.Earliest oil produ
tion is easily exponential, like many business ventures.As long as there is vastly more oil to be produ
ed than available, then pre-viously produ
ed oil 
an proportionally fund the exploration and produ
tionof new oil wells. Su

ess also in
reases our understanding of an area and im-proves our ability to re
ognize and exploit new prospe
ts, so long as there isno noti
eable limit to those prospe
ts. At some point though, the amountof oil in a given �eld be
omes the limiting fa
tor. Like ba
teria in a petridish, fewer oil wells �nd a viable spot in the oil �eld in order to produ
e afull lifetime. The maximum rate of produ
tion is a
hieved, very observably,when half of the oil has been produ
ed that will ever been produ
ed. (That is
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tion | W.S. Harlan 4not to say that oil does not remain in the ground, but it 
annot be produ
ede
onomi
ally, using less energy than obtained from the new oil.)Oil produ
tion from individual oil �elds do often show asymmetry, fallingmore rapidly or more gently after a peak than expe
ted from the rise. Petroleumengineers have learned that deliberately slowing produ
tion in
reases the ul-timate re
overable oil from a �eld. Gas produ
tion of a single �eld tends tomaintain a more 
onstant rate of produ
tion until the pressure abruptly fails,dropping produ
tion to nothing. But while individual �elds may have uniqueprodu
tion 
urves, 
olle
tions of �elds in a region or 
ountry tend to follow amore predi
table logisti
 trend, with the expe
ted symmetry.A 
ontrived game of dartsI also �nd it useful to think of an entirely arti�
ial game of throwing darts.The dartboard is �nite in size and 
an only hold a 
ertain number of darts.Our aim is good enough to hit the target every time, but bad enough thatwe have no 
ontrol over where the dart lands in the target. If a dart hits anempty spot, then it always sti
ks. If it hits too 
lose to an existing dart, itwill boun
e o�. With me so far? Good.Now we add a silly rule to get geometri
 growth. We will measure timein \turns." For ea
h turn, we are allowed to throw more darts. For the �rstturn, we are allowed to throw one dart, whi
h is guaranteed to sti
k. Forthe se
ond turn we are allowed to throw two darts, whi
h are very likely tosti
k. For ea
h turn after that, we are allowed to throw as many darts as are
urrently atta
hed to the board. Our growth in the beginning should be almostgeometri
, doubling with ea
h turn. But as more darts �ll the board, we willsee more of our throws boun
e o�. By the time the board is half full, we willbe able to throw enough darts with ea
h turn to �ll all remaining spa
e. Butea
h dart now has only �fty per
ent 
han
e or less of sti
king to the board.We get a logisti
 
urve if we plot the fra
tion of the dartboard that has been�lled as a fun
tion of turns. Sin
e the number of darts is �nite, we don't getan exa
t �t, but the expe
ted number of darts on the board should des
ribe alogisti
 
urve.Similarly, you 
an imagine ba
teria spores landing in a petri dish as dartslanding on a dartboard. If food is available, a ba
terium survives and breeds.If the food was already 
onsumed by a prior ba
terium, then the new one willdie.Some people have 
ompared marketing and oil and oil exploration to throw-ing darts, though probably not with this model in mind. In real life, our aimis not random. But, in e�e
t, an improved aim does not 
hange the gamefundamentally. Some of the dartboard 
ould be marked with 
ustomers oroil�elds, and the rest be 
onsidered a miss. All we have done is redu
e thesize of the dartboard and provide more ways for the dart to miss its target.
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tion | W.S. Harlan 5The number of darts for the next turn should still depend on the total numberof previous su

esses. The �nal stages of the game should not 
hange either.When most of the targets are gone, our progress will be proportional to thefra
tion of remaining opportunities.Ba
teria, as well, probably do not �ll a petri dish uniformly, but spreadfrom a 
enter. Most living populations will have some evolved ability to �ndfood. Yet, su
h 
hanges to the rules should a

elerate or de
elerate populationgrowth, without 
hanging the underlying geometri
 limits.EquationsThe s
enarios des
ribed above do not 
ome 
lose to representing all problemsthat 
an be modeled as a logisti
 
urve. The fun
tion solves 
ertain estimationproblems involving the parameters of a Gaussian random variable. Su
h anS-
urve is also 
onvenient for signal pro
essing appli
ations su
h as neuralnetworks. To help our intuition, I will nevertheless explain the notation withthe previous examples in mind.Keep in mind that these distributions also represent expe
tations or prob-abilities. Imagine that ea
h limited resour
e is 
omposed of a �nite numberof unique identities, su
h as an individual 
ustomer, a 
ertain barrel of oil, aparti
ular bit of food, or an empty spot on the dartboard. The logisti
 repre-sents the probability that a unique quantum of a resour
e will be 
onsumed bya parti
ular moment in time. Sin
e the same probability distribution appliesto all quanta, you expe
t an a
tual realization to resemble a histogram withroughly the same shape. Thinking of the logisti
 as a probability distributionwill help when we try �t a
tual data.The Verhulst equation and the logisti
 fun
tionLet us use f(t) to represent a fra
tion of some quantity limited to valuesbetween 0 and 1. This fra
tion is a fun
tion of time t.We expe
t this fra
tion to in
rease over time. The rate of in
rease, the�rst derivative, will always be positive:df(t)dt > 0:Units of time are fairly arbitrary for su
h problems. For the fun
tion toapproa
h a value of 1 asymptoti
ally, time must 
ontinue to positive in�nity.To avoid a small non-zero value to begin growth, we 
an allow the fun
tion tobegin arbitrarily early at negative in�nity, where it 
an approa
h 0.The s
ale of time units, whether se
onds or days, is also arbitrary. We'll
hoose a s
ale that most 
onveniently measures a 
onsistent 
hange in the
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tion. Let us put the halfway point, at zero time so thatf(0) = 1=2: (1)For earliest values of t, we expe
t f(t) to in
rease geometri
ally. That is,we expe
t the rate of in
rease to be proportional to the 
urrent value:f(t) ! 0; anddf(t)dt / f(t); (2)as t ! �1:Similarly, as time in
reases and our fun
tion approa
hes unity, we expe
tthe rate of growth to be proportional to the remaining fra
tional 
apa
ity.f(t) ! 1; anddf(t)dt / 1� f(t); (3)as t ! 1:This assumption is worth dwelling upon in light of our previous examples.Given an almost 
omplete saturation of our available 
apa
ity, growth 
annotbe limited any longer by the existing population. The only remaining limita-tion to 
ontinued growth is the size of the remaining opportunities for growth.If the remaining opportunities shrink by half, then the 
han
e of our gettingone of those opportunities must also de
line by half. Here, I �nd the dartboardanalogy very helpful.Let us 
ombine these two proportions (2) and (3) into a single equationthat respe
ts both: df(t)dt / f(t)[1� f(t)℄:For appropriate time units, we 
an avoid any s
ale fa
tors and writedf(t)dt = f(t)[1� f(t)℄: (4)This is slightly simpli�ed version of the Verhulst equation, whi
h originated instudies of populations.The rate of growth at any time is proportional to the population and tothe remaining available fra
tion. Both fa
tors are always in play, though onefa
tor dominates when the value of the fun
tion approa
hes either 0 or 1.By 
entering this equation at zero time with (1), we 
an rearrange theVerhulst equation (4) and integrate for f(x) with" 1f(t) + 11� f(t)# df(t)=dt = 1;
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tion | W.S. Harlan 7ddtflog f(t)� log[1� f(t)℄g = 1;log f(t)� log[1� f(t)℄ = t;log " f(t)1� f(t)# = t; and (5)f(t)1� f(t) = exp(t): (6)Finally, we arrive at the simplest form of a logisti
 equation:f(t) = exp(t)1 + exp(t) = 11 + exp(�t) : (7)Some versions in
lude in
lude arbitrary s
ale fa
tors for time or for the fra
tionitself. We've avoided those by normalization to fra
tions and 
onvenient timeunits. Later we will use a 
hange of variables useful for �tting physi
al data.First noti
e that this equation is anti-symmetri
, with an additive 
onstant:1� f(t) = 1=[1 + exp(t)℄ = f(�t);f(t) + f(�t) = 1: (8)The asymptoti
 growth at the beginning mirrors the asymptoti
 limit at theend. We 
an think of the used 
apa
ity or remaining 
apa
ity as mirror imagesof ea
h other. This is parti
ularly striking be
ause our rate of un
ontrolledgrowth in the beginning also determines our rate of diminishing returns inthe end. To lose this antisymmetry, we would need to introdu
e di�erent(fra
tional) powers in our original proportions (2) and (3).As a 
uriosity, this derivation also shows that the ratio (6) of used 
apa
ityto the remaining 
apa
ity in
reases exponentially for all times. This suggestsan alternative derivation. The ability to improve this ratio is proportional tothe ratio itself. This might explain the unjusti�ed optimism that sometimesa

ompanies the exhaustion of a depleting resour
e. The ratio of su

ess tofailure is still growing geometri
ally! This might also motivate somewhat theuse of the S-
urve in neural networks. The ratio (odds) of 
ertainty to un-
ertainty is allowed to grow exponentially with new information. Overall,however, I don't �nd this behavior very helpful to intuition.(Neural networks, and logisti
 regression prefer a di�erent motivation fortheir S-
urve. Noti
e that the logarithm of this ratio (5) is 
alled the logitfun
tion. This parti
ular logit fun
tion is a simple linearly in
reasing fun
tionof time. The logit fun
tion is also equal to the negative derivative of the binaryentropy fun
tion, whi
h measures the un
ertainty of two possible out
omes.Integrating shows that the binary entropy is 
hanging as a negative square oftime, a parabola 
onvex down, 
entered at zero time.)The derivative df(t)=dt is often a more interesting quantity than f(t) itself.For example, in oil produ
tion, this might be the number of barrels produ
ed a
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ale fa
tor). It 
ould be the annual growth in marketshare, the rate at whi
h a population grows, or the rate of 
onsumption of food.df(t)dt = exp(�t)[1 + exp(�t)℄2 = 1[exp(t=2) + exp(�t=2)℄2 ; (9)df(0)dt = 1=4; and df(�1)dt = 0:The maximum rate of in
rease, by design, o

urs at time zero. It is also aperfe
tly symmetri
 bell-shape, rising from zero to a maximum value of 1/4,then de
lining again, with exponential tails. In this form you 
an see more
learly how the exponential on one side eventually overwhelms the one on theother.In this form, the derivative (9) has unit area, integrating to 1. The equationis also useful as the probability distribution fun
tion (pdf) that a given resour
e(food, oil, or 
ustomer) will be used at a parti
ular moment in time.Fitting real-world dataAssume you have some data that you think might be des
ribed by a logisti

urve. You have the data up to a 
ertain point in time. You might not behalfway yet. Can you see how well the data are des
ribed by a logisti
? Canyou predi
t the area under the 
urve, or the halfway point?From a partial dataset, we do not yet know the ultimate true 
apa
ity, andwe use real time units. Let's use another form of the Verhulst equation moreuseful for real-world measurements.To get a form similar to that used by Verhulst for his population model,we 
an repla
e f(t) � Q(t)=k; (10)where Q(t) is a measurable 
apa
ity or or population, and k is an unknownupper limit, 
alled the \
arrying 
apa
ity."We also substitute t � r(tr � �tr); (11)with tr for measurable time units, with r for an unknown 
onstant growth rate,and with �tr for an unknown referen
e time. The referen
e time �tr is when weexpe
t to rea
h half of the maximum 
apa
ity:Q(�tr) = k=2: (12)With these substitutions, we rewrite the Verhulst equation (4) asdQ(tr � �tr)dtr = r[1�Q(tr � �tr)=k℄Q(tr � �tr);dQ(tr)dtr =Q(tr) = r � (r=k)Q(tr): (13)



Motivation for the logisti
 fun
tion | W.S. Harlan 9Noti
e that the measurable quantities on the left of (13) are a linear fun
tionof the measurable quantities on the right. The slope of the line is r=k, and theverti
al inter
ept of the line is r.The quantity dQ(tr)dtr =Q(tr) in (13) 
ould be 
alled the fra
tional rate ofgrowth. It is the 
urrent rate of growth divided by the 
umulative value sofar. We do not need to know ultimate rates, 
apa
ities, or referen
e times to
al
ulate this quantity. At earliest times, when Q(tr) is small relative to k,the fra
tional rate of growth (13) a
hieves a maximum value of r.We 
an make a graph with this fra
tional rate of growth on the verti
alaxis, and with the 
umulative value Q(tr) on the horizontal. For every timeat whi
h we measure these two quantities, we 
an pla
e a point on the graph.All values are positive and fall inside the upper-right quadrant.If the data �t a logisti
 
urve, then we should be able to draw a straight linethrough them. The slope and verti
al inter
ept of the line allow us to estimatethe unknown 
onstants r and k. The verti
al inter
ept, where Q(�1) = 0,is the rate r, and the horizontal inter
ept is the maximum 
arrying 
apa
ityQ(1) = k.So what about the referen
e time, �tr? As time in
reases our data pointsmove along this line, but not uniformly. Time units do not appear expli
itly,ex
ept as a sampling parameter. The time �tr 
orresponds to the data pointwith half of the ultimate 
apa
ity, as in (12). We may not have enough datato identify this point from this graph.Another drawba
k to this parti
ular way of graphing data is that earlytimes will show mu
h greater s
atter than later times. When dQ(tr)=dtr andQ(tr) are small, their ratio will show greater variation for small variations ineither. This parti
ular linearization is more suitable for an age of graph paper.I prefer to �t the logisti
 more dire
tly.Using the �tr de�nition (12) as a boundary 
ondition, we 
an also rewritethe logisti
 fun
tion (7) in measurable units:Q(tr) = k1 + exp[�r(tr � �tr)℄ : (14)Here we 
an see more 
learly that k is the ultimate maximum value of Q(tr).If we �t Q(tr) dire
tly, our �t should improve with time. The value is a
umulative one, integrating measurements over longer periods of time. Again,we 
an expe
t more variation at earlier times.Instead, let us examine an absolute rate of in
rease P (tr) that we 
an alsomeasure:P (tr) � dQ(tr)dtr = krfexp[r(tr � �tr)=2℄ + exp[�r(tr � �tr)=2℄g2 : (15)Note the peak value is P (tr) = dQ(�tr)=dtr = kr=4.
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tion with more 
onsistent variations over time. Thein
remental 
hange during a short interval of time will tend to follow theunderlying distribution, with greater deviations as we shorten the interval.A
tually, it isn't diÆ
ult simply to s
an reasonable values for all threeparameters k, r, and �tr and minimize some mis�t to P (tr). You 
an also plotthe mis�t as 
ontours of multiple parameters and get a better idea of yoursensitivity to ea
h.Choosing a best measure of mis�t is still ne
essary. Least-squares, thedefault 
hoi
e for many, makes sense only if you think that errors in yourmeasurements are Gaussian and 
onsistent over time. This seems unlikely.Lower magnitudes have less potential for absolute variation than larger ones.We 
ould instead minimize errors in the ratio of a measured magnitude ofP (tr) to the expe
ted magnitude. Or equivalently, we 
an minimize errors inthe logarithm of P (tr). If we minimize the square of those errors, then we areassuming that variations in our measurements are multipli
ative, following alog Gaussian distribution. This is mu
h better, but I think still not optimum.Another way to think of the problem is that the logisti
 derivative P (tr)in (16) des
ribes a probability of a parti
ular quantity being exploited or 
on-sumed at a parti
ular point in time. A given 
ustomer, ba
terium, or barrel ofoil, is most to appear near the peak time �tr rather than near the tails. Givena 
ertain realization of that probability, our re
orded data, what parametersmaximize the probability of that data? It turns out that this likelihood ismaximized by a minimum 
ross-entropy.Let our re
orded data be pairs of samples fP i; tirg indexed by i. Then thebest distribution P (t) should minimizemink;r; �trXi nP i log[P i = P (tir)℄o : (16)P (tr) is a fun
tion of these three unknown parameters (k; r; �tr).The P (tr) that minimizes this 
ross-entropy is the one that makes thea
tually re
orded data most probable.It is not diÆ
ult to set physi
al limits on ea
h parameter and exhaustivelytry all 
ombinations of the three, with a dense sampling. You 
an speed
onvergen
e with Newton linearizations, but it is not ne
essary.


